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Abstract 

We study the Cauchy problem for a semilinear heat equation with 
initial data non-rarefied at oo. Our interest lies in the discussion of the 
effect of the non-rarefied factors on the life span of solutions, and some 
sharp estimates on the life span is established. 
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1 Introduction 

Consider the Cauchy problem 

fut = Au-b (x, t) S K” X (0,-boo), 

0) = X G M", 

where p > 1, and (j) is a non-negative, bounded and continuous function in K", 
which is not identically equal to zero. 

It is well known that the solution u{x, t) of Q may blow up in finite time T *, 
that is lim ||u(-,t)||Loo(]R") = oo, see [HIT]. The finite time T* is popularly 

t — yT’* 

called to be the life span, which depends heavily on the exponent p and the 
properties of the initial datum, and its study has arisen much attention during 
recent years, see for example [iiiiiaiTniiii] and references therein. 
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It is worthy of mentioning that the properties of the initial data in some 
neighbourhood of oo are shown to be crucial factors affecting the life span of 
solutions. In this respect, for = Xipix) with '0(a;) S C'(IR"') H 
ipix) > 0, and ipix) is positive in some neighbourhood of oo, the asymptotic 
behaviour of the life span T>, seems to be interesting. Indeed, Lee and Ni [S] 
proved that if liminf = fc > 0, then CiX^~p < T\ < C 2 X^~^ for some 

|a:|—>-oo 

positive constants Ci and C 2 which are independent of A; while Gui and Wang 
ini further showed that if lim 'ibix) = k, then lim X^~^Tx = . More 

|a:|—>-oo A—>-0+ ^ 

recently, Yamauchi [TS] has found that as long as the initial datum (^(cc) is 
positive in some conic neighbourhood of 00 , the solution does blow up in a 
finite time T*, and some elegant estimates on the life span are given. 


The purpose of the present paper is to characterize the role of rarefaction 
properties of the initial data at 00 , that is the effect on the life span of solutions 
of 0. We will show that as long as 00 is not rarefied, although it is permitted 
for initial data to have zeros in any conic neighbourhood of 00 , the solutions 
will blow up definitely. Of course, we are interested in estimating on the life 
span of solutions from the point of view of density analysis. 

Before stating our main results we should recall or introduce some notations 
and conceptions. We begin with the definition of rarefaction point (see m 
p. 162]): A point xq is a point of rarefaction of the set E if 

u\es[B{xo,r)nE) 

lim -= 0, 

r-->-o+ mes(i3(a:o, r)j 


where mes(F) is the Lebesgue measure of the set F, and B{x,r) is the ball 
centered at x with radius r. It is reasonable to say that 00 is a point of rarefaction 
of the set E if 

mes(i3(0, r) n E) 
lim " , = 0. 

r-).+oo mes(i?(0,r)) 

Alternatively, 00 is called to be a rarefaction point of a non-negative function (j) 
if for any a > 0 it is a point of rarefaction of the set {x \ (j>{x) > a}. We have 
the following theorem. 

Theorem 1.1. If 00 is not a rarefaction point of the initial datum (f>, then 
the solution of Q blows up in finite time T* with 

T* < ^ M (aD{a)y~\ (2) 

P — 1 Q;>0 V / 


where 


D{a) := lim sup 

r—v+oo 


mes({a; | (j){x) > a} n B{0, r)) 


mes 


(S(0,r)) 


(3) 


In what follows, we do not intend to give a proof for the above theorem, but 
prefer to present a stronger version of Theorem |1.1| in the following settings. 
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Let Q!,r > 0, denote 


D{a; r) := sup 


mes(-B(a;, r) n {y | (f){y) > a}) 
mes(i?(a:, r)) 


and define 

Z3(a) := limsup D(a; r). (4) 

r—>-+oo 

We are now in a position to present the main result of the following theorem. 

Theorem 1.2. Suppose that there exists a > 0 such that D{a) > 0. Then 
the solution of Q blows up in finite time T* with 


T* < 


1 / —. 

a) 


p-1 


(^aD{c 


(5) 


We shall give some c omm ents on Theore m |1.2| 
D{a) and D{a), Theorem 


1.2 


First, by the definition of 
implies Theoremll.lldirectly. Second, by a simple 


comparison argument we obtain the lower bound of the life span: 




1-p 

L°^(l 


< T* 


Thus Theorem 1.2 can show that the minimal time blow-up occur^ for some 
initial data (for the details see the example in Section]^. Finally, we point out 
that to prove Theorem we take good advantage of basic properties of the 
heat kernel, so we believe that the argument is general and can be applied to 
similar problems posed on manifolds, e.g., the hyperbolic space, see Remark ] 2.2 
and Remark 12.31 


This paper is organized as follows. In Section^ we give the proof of Theo¬ 
rem [L^ Subsequently, we show that Theorem 1 1. 2[ implies the main results of 
Yamauchi [TB], in Section]^ 
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Proof of Theorem 


1.2 


Before proving Theorem 1 1. 2| we first introduce the basic properties of the heat 
kernel in M", and give a lemma on the life span of the solutions of 0 . 

The solution of Q can be written as (see 13 P-51, (17)]): 


u{x, t) 


g{x,y,t)(j){y) dy + 



g{x,y,t- s)\u\P ^u{y, 


d5. 


^If the blow-up time of the solution of the problem 0 is the same as that of the ode: 
u' = uP with the initial value u{0) = that the minimal time blow-up 

occurs, for more details see Yamauchi m and references therein. 
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Here g is the heat kernel in K", which is a function of the distance of x^y G M" 
and the time t, that is, 

9 (,x,y,t) = k{d{x,y),t). (6) 

We summarize some elementary properties of the heat kernel in the following 
lemma. 

Lemma 2.1 (0 Section 1.3 and 2.7]). Let x,y,z G M", and s,t>0. 

(i) g{x,y,t) = g{y,x,t); 

(ii) g{Tx,Ty,t) = g{x,y^t), where T is an isometry in K”; 

(Hi) Semigroup property 



9 {x, y, t)g{y, z, s) dy = g{x, z,s + t); 


(7) 


(iv) Conservation of probability 


/ 9 ix,y,t)dy = 1. 


( 8 ) 


Remark 2.1. In K” it is well known that g{x,y,t) = exp(— 

In this paper we take T to be the translation T{x) = x + Xq for fixed a;o G K" 


Remark 2.2. In Lemma 2.1 the properties (i) - (iii) are standard for the 
heat kernel and (iv) is satisfied for the manifold that is complete and with 
Ricci curvature bounded below (see [SJ Theorem 5.2.6]). The property (§, 
used only to derive the uniform estimate (22), is satisfied for the homogeneous 
spaces. Thus the proofs of Theorem 2 depend only on the basic properties of 
the heat kernel, which do not depend on the explicit expression of the heat 
kernel. Therefore the proofs can be extended to the problems posed on other 
Riemannian manifolds, e.g., on the hyperbolic spac^ 

Now we shall give an a priori estimate on the life span, which was essentially 
introduced by Weissler m for proving the blow-up of the non-trivial positive 
solutions of ([^ in the critical case, see also [7J Chapter 5]. For the convenience 
of the reader, we prefer to represent it here. 

Lemma 2.2. Let p > 1, and cj) > 0 in L°°(]R") is not identically zero. 
Suppose that u is a solution of the problem 0 with the initial value (f) in [0, T*). 
Then 

(sup [ g{z,y,t)(l){y)dy) >t for t G {0,T*). (9) 

P ~ f '^zGR'* ' 

In particular, we have the following upper bound estimate on the life span T*: 

i-p 


T* < supjr > 0 1 (sup [ g{z,y, 

1 P ~ f '"zGK" 


>t for tG(0,T)|. 


^For blow-up problems of semilinear heat equations on the hyperbolic space, see the recent 
works of Bandle, Pozio and Tesei ^ and Wang and Yin m- 
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Proof. Take z S K" and fix 0 < t < T*. Let t € [0,f]. Since (/>(x) > 0, by the 
comparison principle it follows that u(x, t) > 0. Thus we have 


uix,t)= g{x,y,t)f){y)dy + 


g{x,y,t - s)uP{y,s)dyds. (10) 


Multiplying (101 by g{x, z,t — t) and integrating with respect to x over M", we 
obtain 


/ gix,z,t-t)u{x,t)dx = g{x,z,t-t) g{x,y,t)(l){y) dydx 

JR'^ JR^ 

+ g{x,z,t-t) / g{x,y,t-s)uP{y,s)dydsdx. 
jR" Jo JR" 

By (i) and (iii) in Lemma 2.1 and by Fubini’s theorem, 


g{z, x,t — f)u{x, t) dx 


9 {z,y,t)(j){y)dy 



g{z,y,t 


s)u^{y, s) dyds. 


Since g(z,y,t — s) > 0 and g{z,y,t — s)dy = 1, by Jensen’s inequality, the 
above equation implies 


g{z,x,t-t)u{x,t)dx> / g{z,y,t)(l){y)dy 


g{z,y,t-s)u{y,s)dy^ ds. (11) 


Denote the right hand side of 0 by G{ty. 


G(t)-= j g{z,y,t)(l){y)dy+ ( g{z,y,t - s)u{y, s) dy) ds. 

Jo ^JR^ ' 


We have G{t) > 0 ^OT t G [0, T*) and 


G{0)=[ g{z,y,t)(l){y)dy. (12) 

Differentiating G(J) with respect to t, by 0 we have the inequality 
G'{i)= G g{z,y,t-i)u{y,t)dyy >GP{t)- 

E^ 

that is 

G-P(t)G'{i) > 1. (13) 
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Integrating (13) with respect to t over [0,t], we obtain 

- Gi-P(O)) > t. 

Thus 


p-1 


G^-P(O) > t, 


since p > 1. Then the lemma follows from (12) and (14). 


( 14 ) 

□ 


Now we are in a position to prove Theorem |1.2| 


Proof of Theorem |1.4 By the assumption of the theorem, for any e > 0 there 
exist Zfc € M" and > 0 for k = 1,2,..., such that 


lim rk = + 00 , 

/c—>-oo 


and 


mes(B(zfc, rk) n {y \ (fiy) > a}) 

-^ > D[a} — e, 


i^nr 


(15) 

(16) 


k 


where a;„ is the volume of n-dimensional unit ball. 

Take fk = ^/rk- We claim the following lemma, which will be proved in the 
end of this section. 

Lemma 2.3. For any 6 G (0,1), there exists K gN such that for k > K 
sup / lB(x,rk)iy)9{x,y,T*)<i){y)dy 

xGB(zfc,rfe-rfc) J B(zh,rk) 

- (rl- ft)" K - (»’fe - 2rfc)”) ■ (17) 

Here is the characteristic function of the set E. 


Lemma 2.3 implies that ior k > K 

sup / g{z,y,T*)(j){y)dy> sup / lB(x,rk)(.y) 9 {x,y,T*)(l){y) dy 

x^B(zu,ru—rk.) JBizu.ru) 


> 


i-s 


a(D(a)-e)r(( - ||<^||i=o(R„)(r(( - (rfe - 2rfc)”) . (18) 


(rk - rk)''' 

Let k —>■ oo. ( [T^ and show 

sup [ g{z,y,T*)(j){y)dy>{l-S)a{D{a)-e); 

zGR" jR" 

and since <5 and e were arbitrary, we obtain 


sup / g{z,y,T*)(j){y)dy > aD{a). 

zGH" JR"- 


Now the theorem follows from (19) and Lemma 2.2 immediately. 


(19) 

□ 
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Finally, we should give the proof of Lemma 2.3 


Proof of Lemma 2.3 It is sufficient to show that there exists K satisfies the 
following property: for k > K there exists Xk € B[zk,rk — fk) such that 

f 1 (5 r 

/ lB{xk,ft,){y)g{xk,y:T'^)(f(,v)dy> j- - - a{D{a) - e)r^ 

J B{zk,rk) vfe ^k) L 

- (r-fc - (rfe - 2ffc)”) . (20) 

For any fc = 1, 2, • • •, we define a sequence of functions Fk : B{zk,rk) —>■ R"*" as 
Fkix)-.= / lB(x,rk)iy)9ix,y,T*)f>(y)dy. 

J B{zk,rk) 

Then Fk is a non-negative, continuous and bounded function. Consider the 
integral of Fk{x) over B{zk,rk — fk). By Fubini’s theorem, we have 


! B{zk,ru-rk) 


' B(zk,rk) 


Fk{x)dx= lB(zk,rk-rk)(.x)Fk{x)dx 

J B{zk,ru) 

(a:)( / lBi^x,rk){y)9{x,y,T*)(l){y)dy]dx 

^JB(zt.ru) ' 


^B{zk,rk-rk 


/ (/ iB{zk,rk-rk)ix)lB(x,rk)iy)9ix,y,T*)dx)cl>{y)dy 

JB(zu,ru) Bizu^ru) ' 


( 21 ) 


lB(zk,rk) JB{zk.rk) 

h{.y)4>{y) dy 


I B(zk,rk) 


where 


h{y)-= / lB{zu,rk-rk)i.^)^B(x,rk){y)9{x,y,T*)dx. 

J Bizu^rv-.) 


' B{zk.rk) 

Since g{x^y^t) is a function of the distance between x and y for fixed t; and 


since 


[ 9 ix,y,T*)<ix = 1 for y G R”, 
JR'^ 


it follows that for fixed 5 > 0 there exists R > 0 such that 

/ ^B{y,rk)ix)gix,y,T*)dx= f g{x,y,T*)dx>l-6 (22) 

jR" JB(y,rk) 

for any y G R" and any fk > R. Since fk = ^/Fk and > oo as fc — > oo, there 
exists K such that 

fk> R for k> K. 


Thus by (221 we obtain 

/ lB(y,fu)ix)g{x,y,T*)dx>l - 5 for k>K. 

JR" 


( 23 ) 
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In the following proof we shall always take k > K. Moreover, for y G B{zk, 
2ffc), it is easily seen that 


'^B(y,rk)^x) = lB(x,rk){y) and 5(?/, Tfc) C , Tfe - Tfc ) . 
Then by (24) and (22) we obtain, for y G B{z}^,rk — 2ffe), 


( 24 ) 


hiy)= iB(x,fk)iy)9ix,y,T*)dx 

J B(zk,rk-rk) 

= / ^B{y,fk)ix)9ix,y,T*)dx 

J B{zk,rk-rk) 

= ^B(y,fk)i^)9ix,y,T*)dx>l-d. 

JRri 

Thus by the above inequality and the dehnition of Ik we have 

I 1 - (5, y G B{zk,rk - 2fk), 
lO, y G B{zk,rk)\B{zk,rk-2fk). 


hiy) > 


(25) 


By (21) and (25) we obtain 

Fk{x)dx= / Ik{y)(l){y)dy 

] JBizk.rk) 


) B{zk,rk-rk 

= / 

J B{zk,rk-‘irk) 


B{zk,rk 
lk{y)(l){y) dy 


B{zk,rk)\B(zk,rk-‘2rk) 


h{y)(l>{y) dy 


> / h{y)(l>{y) dy > (1 - 5) / (j){y) dy, 

J B[zk,rk-2rk) J B(zk,rk-'2rk) 

which, together with the continuity of Fk{x), implies that there exists Xk G 
B{zk,rk — fk) such that 


Fk^Xk) ^ 


Wn(rfe - ffe)" 


(26) 


Since (16) implies that 


/ (l>{y) dy>a dy 

! B{zk,rk) J B{zk,rk)f^{y\<l>{v)>a} 

> ames(^B{zk,rk) P) {x \ (j){x) > a}) > a[D{a) — e)uj„r^, 


we obtain 


' B(zk,rk-'2rk) 


(j){y) dy = 


' B(zk,rk) 


(l>{y) dy - 


' B(zk,rk)\B{zk,rk-2rk) 


</>(y) dy 


> a{D{a) - e)uJnrk - ||(()||L»(R")Wn(?'fc - (rj, - 2rfc)"). (27) 








Then by (261 and (27) 


Fk{xk) > 


1-5 

{j-k - fkY 


a{p{a) 




ll</>llL~(R")(?'fc - (rfc - 2rfc)") 


which is exactly ( |20| ) by the definition of Fk- This completes the proof. □ 

Remark 2.3. Since in the hyperbolic space H” the volume of the ball of 
radius r is sinh"”^ ydrj, where is the surface area of 

the n — 1 Euclidean sphere of radius 1, see m p. 79]; and since the heat kernel 
in the hyperbolic space satisfies all the corresponding properties in Lemma |2.1| 
and (§, we can modify the above proofs to adapt the similar problem posted 
in the hyperbolic space, say, replacing the A in Q with the Laplace-Beltrami 
operator in H”. 


3 Proving Theorem 3.1 by Theorem 1.2 


In this section we shall show that Theorem |1.2| implies the previous results of 
Yamauchi in m- To state Yamauchi’s results precisely we recall some notations 
in [18]. For G S"“^ and J G (0, v^), we set conic neighbourhood rj/(<5): 


r4.(<5) = {7yGM-\{0}||e'-^|<<5}, 


and set 

= r^/(5)nS”-\ (28) 

Define 

(l)oo{x') =yiTa\rA(j){rx') for a;'G 

r—>-+oo 

Yamauchi proved the following theorem. 

Theorem 3.1 f [18l Theorem 1 and Theorem 2]). Let n > 2. Assume that 

there exist G and 5 > 0 such that essinf^-zg^^, (S)4’oo{x') > 0. Then 

the classical solution for Q blows up in finite time, and the blow-up time is 

estimated as ^ 

T* < ^ ( ess inf fiooix')] ■ (29) 

p- 1 Vx'gSj/(5) / 

Let n = 1. Assume that maxjliminf (/)(a;), liminf (()(a:)} > 0. Then the classical 

'’rr—>-+oo x—*- — oo 

solution for 0 blows up in finite time, and the blow-up time is estimated as 

T* < -- fmaxjliminf (/)(a;), liminf (()(a;)}') . (30) 

p — 1 \ rr—>-+oo x—>- — oo J 

It is easily seen that Theorem |3.1| implies the upper bounded estimate of 
Gui and Wang in |5] immediately; that is, if lim iplyX) = k, then < 

|£C|—>-<50 
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P. However, Theorem 3.1 can not be applied to some simple cases, which 
can be illustrated by the following example. 

Take a sequence {ak}'^^i by ak = k\. We see that lim = 0. Using 

k —¥00 

the sequence we can construct a function $ € which satishes 

0 < $(a;) < 1 and 


$(x) = 


0, |a:| S [a 2 fc_i + \,a 2 k — \], 

1, kl e [a2fc,a2fe+i]. 


By the definition of D{a) in ^ it follows that 

L>(1) > lim sup I > 1} n 5(0, a 2 fc+i)) ^ ° 2 fc+i " ^ ^ 

fc^+oo mes(H( 0 ,a 2 fe+i)) fc->.+oo ®2fc+l 

Thus for the initial datum uq{x) = ^{x), by Theorem o the life span T* of 
the solution u can be estimated by 


T* < 


1 __^i-p 1 


p -1 




p -1 


1 

Since v{x,t) = (l — {p — which blows up at T = is an upper 

solution of Q with i;(a;,0) > u{x,0), by the comparison principle it follows 
that T* > T = Thus T* = which shows that the minimal time 

blow-up occurs for the initial datum <i>(a;). 

Now we use Theorem|1.2|to prove Theorem |3.1| 


Proof of Theorem 3.1 We shall prove the case n = 1 and n > 2, respectively, 
(i) n = 1. Let us assume that 

A = liminf i 5 ()(ai) > liminf (/)(ai). 

ai—>-+oo X—>• —OO 

Then for any £ > 0 there exists R> 0 such that 

(fix) > A — e for x > R. 

Hence D{A — e) = 1. By Theorem 


1.2 


we obtain 


T* < 


1 


p-1 

Since £ > 0 was arbitrary, it follows 

T* < 


{A-ey-P. 


1 


p-1 


-A^-P. 


The proof for n = 1 is finished. 
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(ii) n > 2. Let A = ess inf^./g (j)ao{x'). It is sufficient to show that, for 
any i?>0, 0<t<1 and 0 < £ < A, there exists a ball B{x,r) with r > R 
such that 


mes( {y | (j){y) > A — e} n B{x, rn 
-> 1 


— T. 




(31) 


We shall show (31) in three steps. 


First, we show that there exists i?i > 0 such that 


_n—1 


({a;'e S" ^ \ (t>(rx') > A — e for r > i?i} n (^)') 

—^- — )> 1 — T 


(32) 


where is the spherical measure for the measurable set M C S"“^ and 

S^>{S) is defined by (28). 

We denote 


S{R) '■={x' G S" ^ I (j){rx) > A — e for r > R}, 


and claim that the set 

5(i?)n%(<5) 

is measurable on S”“^. Indeed, since the function (j>{x) is continuous, we may 
view (j) as a continuous function on x i?+, which implies that, for fixed 

r > 0, (j){rx') is continuous on Then, for any r > 0, the set 

{x' G S"“^ I (j){rx') > A — e} 

is closed on S"“^. Since 

S{R) = {x' G I 4>{rx') > A — e for r > R} 

= Pi {cc' G S"“^ I 4>{rx') > A — e}, 

r>R 

it follows that the set S{R) is closed. Hence S{R) n S^'{6) is measurable on 
S"“^, and the claim is proved. 

By the assumption of Theorem |3.1[ we see that 

SeiS)= U (5(fc)n%(<5)). 


Noticing that 


S{ki)r\S^,{6) C S{k2)nS^,{6) for ki<k2, 

by the standard convergence theorem for a sequence of measurable sets (see, 
e-g., [II Theorem 11.3]), we obtain 

= lim a"-i(S'(fc)n%(<5)). 
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Thus, for any 0 < t < 1, there exists K gN such that 



> 1 — r for k > K. 


We can take Ri = K to ensure ([^. 


Next, we show that there exists a ball B{xo,ro) such that 


B{xo,ro) C {x S M" I i?i < |x| < i?i + 1 and S 5'5/((5)}, (33) 

\x\ 


and 


mes({a: e B{xo,ro) \ |fy e S(Ri)}) 


(34) 


> 1 — r. 


mes{B{xo,ro)) 


For this we need the following covering lemma, where B{x,r) is the closure of 
the ball B{x,r). 

Lemma 3.1 ([TTJ Theorem 2.7] Besicovitch Covering Theorem). Suppose 
pi is a Borel measure on K” , E C M" , m(^) < oo, ^ is a collection of non¬ 
trivial closed balls, and infjr | B{x,r) G = 0 for all x G E. Then there is a 
countable disjoint sub-collection of ^ that covers p almost all of E. 

We choose p to be the Lebesgue measure on K", 


E = {xGn\^GS{R,)}, 


and take 


^ = {B{x, r) c n I a; € if, r > 0}, 

where = {a: € M" | i?i < |a;| < i?i + 1, |f| S S^i{S) } is an open set of M" 
by the definition of S^'{6). Noticing that the map M" \ {0} —>■ S"“^, defined 
by X — >■ 1 ^, is continuous and 5'(i?i) is a closed set of S"“^, we see that E is 
a measurable set of M". Then by Lemma |3.1| we can take a sequence of balls 
{B{xi,ri)}fS-^ C such that 


B{x^, r*) n B{xj,rj) =0 for i j, 


(35) 


and 



(36) 


Thus by (321 and the definition of E we obtain 



( 37 ) 


(1 — t) mes(fi). 
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By (35), (36) and the definition of we have 


and 


mes(ii^) = mes^[J(i?(xi, r^) n ^ mes^i?(xi, r^) n E 

i i 

mes(ri) > mes (|jB(a;i,r*)) = ^ mes(B(a;„ r^) ■ 


Inserting ( |38[ ) and ( |39| ) into ( |37[ ), we obtain 

^ines(^B{xi,ri) n e'^ > (1 - r) nies(g(a;,, 


(38) 

(39) 


Then we can get a ball B{xo,ro) in the sequence {B{xi,ri)}fli satisfying (33) 
and (34). 

Finally, we complete the proof by scaling the ball B{xo,ro)- We claim that 
for X € K", r > 0 and A > 1, it follows that 


mes^jy € K" | (j){y) > A — £}f^ B{Xx, Ar)^ mes^B{x, r) n e'^ 


mes 


(^B{Xx, Xr) 


mes 


(^B{x,r) 


(40) 


The claim can be seen by the following argument. By the definitions of E and 
S{Ri) it follows that if z € B{x, r)r] E then (l){Xz) > A — e and Az S B{Xx, Xr) 
for A > 1. Thus 


{y S K" I (j){y) > A — £}f] B{Xx, Xr) D {Az | z S B{x, r) n E}. 


Hence 

mes^jy € K” | (j){y) > H — e} n B{Xx, Ar)^ 

> mes^jAz | z £ i?(a;, r) n £ 1 ^ = A" mes^i?(a::, r) n E^ , 


and the claim follows. By (33) we see that rp < 1, thus > 1. Scaling the 


ball B{xo,ro) with A = by (40) and (34) we obtain 


mes^jj/ £ K" I (j){y) > H — e} n i?(^^^a;o, i? + 1)) mes 


mes( 5(^X0, i?+ 1 


> 


(^B{xo,ro) 


HE 


mes 


(^B{xo,ro)'^ 


> 1 —T. 


Thus the ball B{^^^j^xo, R + 1) satisfies (31), and the proof is complete. □ 
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